Let the orthogonal multiplicity of a monic polynomial g over a eld F be the number of polynomials f over F, coprime to g and of degree less than that of g, such that all the partial quotients of the continued fraction expansion of f=g are of degree 1. Polynomials with positive orthogonal multiplicity arise in stream cipher theory, part of cryptography, as the minimal polynomials of the initial segments of sequences which have perfect linear complexity pro les. This paper focuses on polynomials which have odd orthogonal multiplicity; such polynomials are characterized and a lower bound on their orthogonal multiplicity is given. A special case of a conjecture on rational functions over the nite eld of two elements with partial quotients of degree 1 or 2 in their continued fraction expansion is also proved.
Introduction
If f and g are polynomials over an arbitrary eld F with gcd(f; g) = For a monic g 2 F x] with deg g = n 1, let m(g) be the cardinality of the set M g = ff=g 2 F (x) j deg f < n; gcd(f; g) = 1; and K(f=g) = 1g:
We call m(g) the orthogonal multiplicity of g, or when there is no possibility of confusion, simply the multiplicity of g. This appellation is motivated by the`orthogonal sequences of polynomials' studied in classical analysis 10]: one may show that a monic polynomial has positive orthogonal multiplicity if and only if it occurs as a term in some`orthogonal sequence of polynomials ' 1] . We will be concerned primarily with polynomials over nite elds which have positive orthogonal multiplicity; they arise in stream cipher theory, a sub-discipline of cryptography, as the minimal polynomials of the initial segments of sequences over nite elds with perfect linear complexity pro les. (The reader is referred to 7] in which Niederreiter establishes a connection between the linear complexity pro les of sequences and continued fractions over function elds.) More recently, Blackburn, and Cattell and Muzio have applied such polynomials to cellular automata theory 2, 3] .
For an arbitrary eld F, it is of interest to ask exactly which polynomials over F have positive orthogonal multiplicity, and what can be said about their multiplicities. Some results in this direction (and in related areas 6, 8] ) have already been established. In 1] Blackburn shows that if F has in nite order then every polynomial in F x] has positive multiplicity; and if F q denotes the nite eld with q elements 4] and g 2 F q x] with deg g = n, then g has positive multiplicity provided 1 2 n(n + 1) q. Blackburn conjectures that if q 6 = 2 then every polynomial over F q has positive multiplicity. The situation over F 2 is somewhat di erent; in particular, there exist polynomials over F 2 with multiplicity zero. However, Mesirov and Sweet 5] prove that all non-linear irreducible polynomials over F 2 have multiplicity 2, and one may further show 1, 5] that if a polynomial g over F 2 has positive multiplicity then it has multiplicity 2 k , where k is the number of distinct non-linear irreducible factors of g.
In Section 3 of this paper we characterize polynomials which have odd orthogonal multiplicity and give a lower bound on the multiplicity of such polynomials. This bound is used in Section 4 to prove that if the characteristic of F q is 2 and q 6 = 2, then a polynomial over F q has multiplicity q ? 1 if and only if it has degree 1; and an alternative characterization to that in Blackburn's paper 1] is given in Section 4 of polynomials over F 2 of multiplicity 1. Section 4 also contains a proof of the following result: if g 2 F 2 x] splits into linear factors then there exists f 2 F 2 x] with gcd(f; g) = 1 such that K(f=g) 2. This establishes a special case of a conjecture made by Mesirov and Sweet 5] . All of these results depend upon lemmas which are contained in Section 2.
The author would like to thank Simon Blackburn for his help and encouragement during the preparation of this paper. a m ] for any k 2 F . Hence if f=g 2 M g then kf=g 2 M g for any k 2 F , and so the orthogonal multiplicity of a polynomial over a eld F is a multiple of jF j = jFj ? 1. Since we are interested solely in polynomials with odd multiplicity, we shall only be concerned with nite elds of characteristic 2. Throughout this section F q will be a nite eld of characteristic 2 (or more succinctly, char F q = 2).
Continued Fractions
Let f=g be a rational function over the eld F q with gcd(f; g) = to indicate the correspondence between continued fractions and matrices of a particular form. The above approach allows one to prove simple continued fraction identities with great ease. For example, taking the determinant of both sides of (2) gives us the well-known identity f i g i?1 ? g i f i?1 = (?1) i+1 , or, as we are working in characteristic 2, f i g i?1 + g i f i?1 = 1. This implies that gcd(f i ; g i ) = 1 and so the convergents are in reduced form.
The following lemma is central to the methods in this paper. Multiplying the rst m and the last m?1 matrices together using identities (2) and (3) We restate the results in Lemma 1 which are of greatest relevance to us in the following way.
Lemma 2 Let F q be a nite eld of characteristic 2. 
Folded Polynomials
We de ne the set of all folded polynomials in F q x] recursively as follows. are folded, where a is a monic polynomial of degree 1.
The motivation for this de nition comes from 9] in which a class of continued fractions dubbed`folded continued fractions' is studied by van der Poorten and Shallit; the denominators of certain types of`folded continued fractions' are folded polynomials, as we de ne them.
It is easily seen that folded polynomials are monic and split into linear factors. In fact, it is a simple matter to classify which polynomials of this form are folded. (We write n = ( 0 1 2 : : :) 2 for some polynomial h. Now h = x l 1 (x + 1) l 2 where l 1 = ( 1 2 : : :) 2 and l 2 = ( 1 2 : : :) 2 . Since i i = 0 for i 1 we may assume by induction that h is folded. Hence g is folded. The remaining two cases are proved in a similar way. 2 
Theorems
Our main theorem reveals the intimate connection between polynomials with certain orthogonal multiplicities and the folded polynomials we have described.
Theorem 4 Let F q be a nite eld of characteristic 2 and let g be a monic polynomial over F q . Then g has odd orthogonal multiplicity if and only if g is folded.
Proof: Let g be a monic polynomial. We rst prove that if g has odd multiplicity then g is folded.
To be more precise, we show that if g has odd multiplicity and deg g > 1 then g = ah 2 where a = 1 or a is monic of degree 1, and where h is monic and has odd multiplicity. The result then follows by induction from the fact that all monic polynomials of degree 1 are folded.
Let g have odd multiplicity with deg g > 1. Let denote the map that acts on the set fr=s 2 F q (x) j deg r < deg sg and sends the continued fraction We now show by induction on deg g that if g is a folded polynomial then the multiplicity of g is odd. Let g be a folded polynomial. If deg g = 1 then K(k=g) = 1 for all k 2 F q and so g has multiplicity q ? 1. Let deg g > 1.
We must consider two cases. Suppose that deg g = n is even. Then g = h 2 where h is folded of degree n=2. We may assume by induction that m(h) (q ? 1) wt(n=2) 2 .
From the proof of the even case of the second part of Theorem 4, it is clear that m(g) m(h). Now wt(n) 2 = wt(n=2) 2 and so we have that m(g) m(h) (q ? 1) wt(n=2) 2 = (q ? 1) wt(n) 2 .
Suppose now that deg g = n is odd. Then g = bh 2 where h is folded of degree (n ? 1)=2 and b is a monic polynomial of degree 1. We may assume by induction that m(h) (q ? 1) wt((n?1)=2) 2 = (q ? 1) wt(n) 2 ?1 . De ne the set U as in the odd case of the second part of Theorem 4. Then m(g) = jM g j jUj = (q?1)jM h j = (q?1)m(h). Since m(h) (q?1) wt(n) 2 ?1 we have m(g) (q ? 1)m(h) (q ? 1) wt(n) 2 as required. 2 
Further Results
As we have mentioned before, the orthogonal multiplicity of a polynomial over a nite eld F q is a multiple of q ? 1 and so a polynomial over F q with positive multiplicity must have multiplicity at least q ? 1. If a polynomial g over F q has multiplicity exactly q ? 1 then this means that there exists a unique monic f, of degree less than that of g and coprime to g, such that K(f=g) = 1. Theorem 5 has as a corollary a classi cation of all polynomials with multiplicity q ? 1 over nite elds of even order q 6 = 2.
Corollary 6 Let g be a monic polynomial in F q x], char F q = 2, with q 6 = 2.
Then m(g) = q ? 1 if and only if g has degree 1.
Proof: If g is a monic polynomial of degree 1 then K(k=g) = 1 for all k 2 F q and so m(g) = q ? 1 Niederreiter asks the following question in 8]: does there exist a constant C q such that if g 2 F q x] then there exists f 2 F q x] with gcd(f; g) = 1 such that K(f=g) C q ? As we have mentioned before, Blackburn 1] conjectures that C q = 1 for q 6 = 2 and Mesirov and Sweet 5] believe that C 2 = 2. It is of some interest that this question is essentially a rational function analogue of a long-standing conjecture in number theory known as`Zaremba's conjecture ' 11] : for any integer n there exists an integer m coprime to n such that all the partial quotients of the (simple) continued fraction expansion of m=n are no greater than 5.
